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3. SOLUTION OF A LINEAR SYSTEM BY JACOBI METHOD OF ITERATION OR
GAUSS-JACOBI METHOD

- All the previous methods of solving systems of simultaneous linear equations involve a
certgm amount of fixed computation. Now we shall describe the iterative or indirect methods of
solving the systems. Here the amount, of computation depends on the degree of accuracy required.

But thfz iterative method is not applicable to all systems of equations. Let us explain the
Gauss-Jacobi method in the-case of three equations in three unknowns.
Consider the system of equations,
ax+by+ecz=d, : (D)
ayx +by+cz =d, ‘ +{2)
agx + by +cz=d, ~3)
Suppose in the above equations
la1>1b,1+]¢]
Loy >1ag] +1c,l
[egl>ag|+] bl
Then the Gauss-Jacobi method can be used for the given system. Solving equations (1),
(2) and (3) for x, y and z respectively. That is,

<

1
x=—=(d; = by -c;2)
by

:i(dz ...'aéx _czz)
blz e A4)
=—c—(d3—a3x-b3y).

] ° J :
~ Suppose 29, 5@, 2® are the initial approximations of z, y, z respectively, then the first
approximations given by .

1
£ = — (d,-b ly(O) - clz(o))
1

1
y(l).= Z__ (d, ,_azx(O) -czzw))
2

T
A= _c_ (da _ aax(O) _ bay(ﬁ))

Again using y;alues 2@, yD, 2 in (4), we have the second approximations given by

x(z) = __1_ (dl _bly(l) - clz(l))
al‘
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1
s 2 (d 8} 1
= b (dy — ax™ —¢,2V)

1 .
22 = ",_'(ds — aax“’ - C3y(l))
s
If we continue this process in the same way, the n'h approximations are 2,y z(0) and

then 2+ D) = R (dy - byy™ = c,2™)
: o

1
y(n+l) = b_ (dy - azx(u) _ czz(n))
2

2n+l) - ci (dd _ asx(n)A - b3y(”)_)
' This process is continued till tfxe -conﬁergency is assured.
Note. In the absence of initial approximations x@, @, 200, they are taken as (O,AO, 0).
4. Gauss-Seidel Method of Iteration |
This method is the most commonly used iterative method. This is a modification of
Gauss-Jacobi method. As before, the equations can be solved for x, y, z respectively, we have

1
x=—{d; - by —cz)
ay

— QX —Cy2)

1
z=—(d,-ax->,
) -~ ‘33 N "1’1 Jy )
Now we can start the solution process with the initial values x©@, y©, 2@ for x, y, z

. . 1 :
respectively. We can calculate, xV = ~=(dy = b,y %~ c,z®). Then we use this new value x¥ of x
1 - .
along with 2'? for z in the second equation, to compute the new value of ¥, we get
1
¥ o F.{dz - gV — ¢, 200)
&
Then we usea'! for x and ¥V for y in the third equation to compute the new valuez(® of
2z, we get
. 1
Mo 2 (g — p D )
2 = d.—a -b
e Gam o by
" Thus as soon as a new. value for a variable is found, it is used immediately in the follow-

ing equations. .
If x™, y™ 27 are the n' iterates, then the (n + 1) iteration will be

1 )
(Al o b.4n) (n)
5fAtD) o o \dl b]y clz")

1 : p
y(n+1) = gz_ (d2 _ a?t(rul) - sz‘n))

1
z(n+1) - —c;(ds — aéx(n«fl) - bsy(mrl))

This process is continued until the convergence is assured.
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Remarks. 1. The conditicn for convergence of above iterative methaods 1s given by the following
o s 'he S oo - - ¥.X 2
rule : The process of iteration will converge if in each equation of the system, the absolute value of the
Jargest co-efficient is greater than the sum of the absolute values of all the remaining co-efficients.

2. The percent relative error is determined according to

I (Current approximation) — (Previous approximation)

g, =| — x 100%
Current approximation

]
WORKED EXAMPLES

Example 1. Solve the given system of equations by using Gauss-Jacobi method.
27x +6y-2=85
6x + 15y + 22 =72
x+y+542=110.
o Solution. In each equation of the given system, the absolute value of the largest coeffi-
clent 1s greater than the sum of the absolute values of all the remaining co-efficients. So Gauss-
Jacobi method cab be applied solving each equation for x, v, z respectively,

1
= (85— +
x 27( 5—6y +2) 1)

L (72 - 2z — 6%) «d(2)

=5
z= i(110—x—v) (€))

7 1
We start the iteration with the initial values x@ =0, @ = 0, 2@ = 0 for x, y, z respec-

tively. Then we have, 2= ;; (85 — 6y(0) + 200
® = 3.14815

1 72
72— 220 _ g0y = 12 = 4
15(. ') T 4.8

1 110
)= (110 —x@ - y©O) = ==~ =9 037
54( ) 54 04

Second Iteration

@ = % [85 — (6 % 4.8) + 2.03704] = 2.15693

Yo = _11: [72 - (2 X 2.03704) - (6 X 3.14815)] = 3.26913
o

= —{110-3.14815 — 4.8] = 1.88985

Third Iteration
X® = 517- [85 — (6 x 3.26913) + 1.88985] = 2.49167
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0‘\ A
¥y = —
i5

(72 - (2 x 1.88986) - (6 < 2.15693)] = 3.68525

z® = g% [110 - 2.15693 - 3.26913] = 1.93655
Fourth Iteration

W = 5’-"7[85 — (6 x 3.68525) + 1.93655] = 2.40093
y @ = —115 (72 — (2 x 1.93655) — (6 x 2.49167)] = 3.54513

zW = _5—12 [110 —2.49167 — 3.68525] = 1.92265
Fifth Iteration

x6) = 2—17 [85 — (6 x 3.54513) + (1.92265)] = 2.43155

1
5 — _[72
y —15[1

—(2 x 1.92265) — (6 x 2.40093)] = 3.58327

1
25 = 3*4 (110 — 2.40093 — 3.54513] = 1.92692
Sixth Iteration

26 = _2.1%- [85 — (6 x 3.58327) + 1.92692} = 2.42323
(& = —1~1: (72 — (2 x 1.92692) — (6 x 2.43155)] = 3.57046
3

28 = :? {110 — 2.43155 — 2.58327] = 1.92565
Seventh Iteration '

D = .257_ [85 — (6 x 3.57046) + 1.92565] = 2.42603

$ = 1—15 (72 — (2 x 1.92565) — (6 x 2.42323)} = 3.5759

<,

2D = EJZ [110 —2.42323 — 3.57046] = 1.92604
Eighth Iteration )

x® = 2—]:7 [85 — (6 x 3.57395) + 1.92604] = 2.42527

§® = %’5 [72 — (2 x 1.92604) - (6 x 2.42608)] = 3.57278

28 = —5}4— (110 - 2.426083 - 3.57395] = 1.92593
Ninth Iteration

29 = -2}7— (85 — (6 x 3.57278) + 1.92593) = 2.42552

1
¥ = e (72 — (2 x 1.92593) - (6 x 2.42527)] = 3.57310

z9 = 5—14 (110 - 2.42527 - 3.57278] = 1.92596
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Tenth Iteration

LU0 = 2—17 185 — (6 x 3.57310) + 1.92598) = 2.42546

Y00 = % (72 - (2 x 1.92596) — (6 x 2.42552)) = 8.57300

210 = —]— [110 - 2.42552 — 3.57310] = 1.92595

In the 9" and 10t 1terat10ns we find that the values x, y, z are same correct to 3 decimal
places. Here we stop the iteration process.
The values are x = 2.425, y=3.573, z=1.925.
Example 2. Solve the given system of equations by using Gauss-Seidel method :
20x+y-2z=17
3x+20y-2=-18
2x - 3y + 20z = 25.
Solution. Here [20|>!1|+|-2]
120]>]3|+]-1]
120]>]2]+{-3]
So Gauss-Seidel method can be used.
From the given equations we have

X i(17_y+2_z) (1)
]

% —1%—31 +2z) (2

2= -1 (25-2x+3y) -(3)
20

Vv =
v -

First Iteration. Let the initial values of y and z be 3= 0, 2@ =0 and use in equation

1 17 -
A1) = (0 + 2201 = 21 _ 5.8500
(1), we get, xV = o8 (17 — ¥© 4+ 2200 = o =0.8500

Putting 2@ = 0 and the current value x'") of x = 0.85 in equation (2),
1
A = = 18 — 82 4 2(0)
YT 20

- 516 [~ 18— (3 x 0.85) + 0] = — 1.0275

Putting x =x™ = 0.85, y =y =~ 1.0275 in equation (3),

(1) = _Z_[28 — 2¢/D) 4 34(D)
z 20 [2 oy }

4

1
= 55126 —(2 % 0.85) + (3 x (~ 1.0275))] = 1.0109.
Second Iteration

B
(2) = —_[17 -- (D) 4 25(1)
x 2 [ y ]

= 516 [17 — (- 1.0275) + 2 x 1.0109]
= 1.0025
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y(z) = .;:L[_. 18 — 3x(2) + 2-(!,\]
20
1 .
- 2—0{— 18 — 3 X 1.0025 + 1.0109] = — 0.9998
1
2@ = - [25 — 2x(® + 34
20[ 2% + 3y

1
= 20 {25 -2 x 1.0025 + 3 X (-~ 0.9998)] = 0.9998
Third Iteration
1
B) = —[17 = @ + 95
=25 (17 - 5@ + 22)
= 2—]6 [17 - (0.9998) + 2(0.9998)] = 1.0000
1 .
. y® = [~ 18— 3x®) + 2@
y 20 [~ 18 — 3x3 + 2(2]]
= 0—10 [~ 18— 3(1) + 0.9998] =~ 1.0000
1
N=_— — 94(3) (3)
2t 20 [25 — 2x@) + 35}

= 2—10 [25 — 2(1) + 3( 1)] = 1.0000

Hence the valuesare x=1, y=-1, z=1.

Example 3. Solve the following system by Gauss-Jacebi and Gauss-Seidel methods.
10x-5y-2z=3
4dx - 10y +32=-8

) x+6y+10z2=-3.
Solution. Here in each equation, the absolute value of the largest co-efficient is greater
than the sum of the remaining co-efficients. So, the iteration process can be applied.
Gauss-Jacobi method ’
Solving the equations for %, y, 2, we have

1
= —{(8+56y+22
x 10( y + 22)

1
= + 4x +
=156 x 32)

1
= —(-8-x-6
2» lo( x—6y)

First Iteration .
Let the initial values be 2 = 0, y©@ = 0, 20 = 0. Using these initial values in (1), (), (3,

we get
\

a1
(1) = —[3 + 5y(0 4 20
x 10[ y ]

= 116 [3 + 5(0) + 2(0)] = 0.3
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1
W= 1 (3 4 420 4 30
Yy 10 1o + 4x + 34— 1
1
= 1—0‘ {3 +4(0) + 3(Q)] = 0.3

2D Tlé [ 8 — x© _ gy

1
~-1-6{-3—0—6(0)]=-—0.3

Second Iteration
Using the values x™, y(, 2 jn (1), (2), (3), we get

. 1
*® =758 + 5(0.3) + 2(— 0.3)] = 0.39

1

2(2) - e {._ 3 - . — 6 “.3 = - .

Third Iteration

1
x® = 75 [3 + 5(0.33) + 2(- 0.51)] = 0.363
. .
y®= 35 [8+4(0.39) + 3(+.0.51)] = 0.303

23 = zla [- 3 - (0.39) — 6(0.33)] = — 0.537

Fourth Iteraiion

- 4
x4 = 10 {3 +5(0.303) +2(- 0.537)] = 0.3441

= ”1}6 [3 + 4(0.363) + 3(— 0.537)] = 0.2841
IS | ' ' ,

Fifth Iteration .
: 1
x®) = 10 [3 + 5(0.2841) + 2(~ 0.5181)] = 0.33843

oM ;1-16 [3 + 4(0.3441) + 3(~ 0.5181)] = 0.2822

250 = 1% (~ 3 ~:(0.3441) - 6(0.2841)] = — 0.50487

Sixth Iteration i
1 . .
x® =77 [8 + 5(0.2822) + 2(= 0.50487)) = 0.340126--

y© = —:lll(-)- [3 + 4(0.33843) + 3(~ 0.50487)] = 0.283911

26) = ;13 [~ 3 — (0.33843) - 6(0.2822)] = — 0.503163
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Seventh Iteration

1
2= 1o [8 +5(0.283911) + 2{-- 0.503163)} = 0.3413229
¥y P = Il5 (3 + 4(0.240126) + 3(- 0.503163)] = 0.2851015

2D = .llo [ 3 — (0.340126) — 6(0.283911)] = — 0.5043592

Eighth Iteration
28 = % [3 + 5(0.2851015) + 2(— 0.5043592)] = 0.34167891

y® = 1—10- {3 + 4(0.3413229) + 3(— 0.5043592)] = 0.2852214

2®= 1—10 [~ 3 - (0.3413229) — 6(0.2851015)] = — 0.50519319
Ninth Iteration
2= -1% (3 + 5(0.2852214) + 2(— 0.50519319)] = 0.341572062

¥ = -1% [3 + 4(0.34167891) + 3(~ 0.50519319)] = 0.285113607

209 = 1_10 [- 2 — (0.34167891) — 6(0.2852214)] = — 0.505300731.

The values correct to 3 decimal places are

x=0341, y=0.285 z=-0.505.
Gauss-Seidel method. Taking the initial values ¥ = 0,20 = 0
First Iteration '

. 1 N
2D = 1o [3 + 599 4+ 22/ = 0.3

., 1 N
Y= 10 [3 + 4xD + 3200 = 0.42

1 5 .
(D= — [~ 88—V - 6y =—-0.582
ST Ak e A

Second Iteration

e _113 [ + 5y + 22V] = 0.3936
1 ' |
y@ = 50 [8 + 4x? 4 32V] = 0.28284 .

2@ = _1}0 [ 3 - x® — 6y2)] = — 0.509064

Third Iteration .
| 2 = Tlo' (3 + 5y + 22?)) = 0.3396072

y® = -1% (3 + 423 + 3:®] = 0.28312368

2@ = L [ 3-x®_ 6y®¥] =~ 0.503834928
10
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Fourth Iteration

x4 o 1]6 (3 + 5y + 22@) = 0.34079485

YO 1_10 18 + 46 4 3203 = 0.285167464

24 = T16 (- 3 — x® — 6y¥) = — 0.50517996

Fifth Iteration .
2O = 1_10 [3 + 5y + 224) = 0.34155477

y& = 1—10 [3 + 4x® + 3z4] = 0.28506792

om 1_10. [ 3 —x® _ 6y®] = — 0.505196229

Sixth Iteration
x®) = 0.341494714
y®=0.285039017
2'9=—_0.5051728
Seventh Iteration
x\7 = 0.3414849
¥'7 = 0.28504212
2"=2-0.5051737
The values correct to 3 decimal places are
x=0.342, y=0.285, z=-0505.
Exainple 4. Solve the given system of equations by using Gauss-Jacobi method and
Gauss-Seidel method
8x -3y +2z2=20
dx+ Ily-2=38
. 6x + 3y + 12z = 35.
Solution. Here 181>1-31+12]
A1 >141+]-1]
[12]>16]+13|
So the iteration process can be used,
Solving for x, y, z, we get

x= %[20 + 3y — 2z] (1)

ye 1_1} (33 - 4x +2] (2)

z= %‘;‘3‘5 62— ] (3)
Starting with the initial values x = 0,y = 0,z = 0 and using (1), (2), (3) and repeating the
process we get the values of x, y, z as the tabulated by both Gauss-Jacobi and Gauss-Seidel

methods.
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Gauss-Jacobi Methoc Guauss-Seide! Methed

Itcration : ¥ z : y z

2.5 3.0 2.91€666 2.5 2.090909 1.143939
2.8956833 2.356060 0.916666 2.998106 2.013774 0.914170
3.154356 2.030303 0.879735 3.026623 1.982516 0.907726
3.041430 1.932937 0.831913 3.016512 1.985607 0.912009
3.016873 1.969654 0.912.71‘7 3.016600 1.985964 0.911876
3.010441 1.985930 0.915817 3.016767 1.965892 0.511810
3.015770 1.988550 0.914964 3.016757 1.985889 0.911816
3.016946 1.986535 0.911644
3.017039 1.985805 0.911560
3.016786 1.985764 0.911696

Hence x=3.016, y=1.985 =z=0.911.

EXERCISES

1. Using Gauss-Jacobi method, solve the following systems of equations :
® x+ 17y — 2z = 48
30x—-2y+3z=173 :
2x+ 2y +182=30 [Ans. 2.58, 2.798, 1.069)
Sx~-2y+tz=~4
#+06y—-2z2=-1
3x+y+52=13 ' fAns.-1,1,3]
8x—6y +2=13.67
3x+y—-22z=1759
2x — 6y + 92 = 29.29 _ ' [Ans. 2.45, 1.62, 3.79)
13a+5b-3c+d=18
2a+ 12b+c—-4d =13
3a—-4b+10c+d =29
2a+b~38c+9d=31 [Ans. 2, 3, 4]
) 10x+y—-2=1119 '
x+ 10y + 2= 20.08
~x+y+10z=35.61. (Ans. 1.321, 1.522, 3.541]
Using Gauss-Seidel method, solve the following systems of equations :
@ 28x + 4y —z = 32
x+3y+102=24
2x+ 17y +42=35 [Ans. 0.9936, 1.5069, 1.8486]
1.2x+ 2.1y +4.22=9.9 '
5.3x + 6.1y + 4.72= 21.6 .
92¢+ 8.3y +2=15.2 [Ans. - 13.223,-16.766, - 2.306)
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Interpolation with Unequal Intervals

1. INTRODUCTION

In the last chapter, we have discussed Newton’s forward and backward interpolatio
formulae and Gauss’s central difference formulae which are applicable only when the value
of argument x are given at equal intervals:

If the values of x are given at unequal intervals, the above formulae can not be applica &
ble. So it is convenient to introdiice the idea of divided differences. The differences defined &
taking into consideration the changes in the values of the argument are called divided differ &

o (fo (fo (o (o (fo (fo (o (fo

0
&5 &
X
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&
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&
&
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1.1 LAGRANGE’S INTERPOLATION FORMULA %z'
-

The Newton’s forward and backward interpolation formulae can be used only when the :’2?
values of independent variable x are equally spaéed. And the differences of y must become L
ultimately small. But in cases, where the values of independent variable x are not equally &
spaced and in cases when the differences of dependent variabley are not small, ultimately, we &
can not use Newton's formula.In such case we use Lagrange's interpolation formula. &
Let the functiony =f{(x) take the values fixy), flxg), ... fl,) corr GSPUHdinE to the valuesx,, :::

%,, Xy, ... X, of the argumentx, where thex values are not equally spaced.'Sipce thereare(n + 1) o
values of y corresponding to (n + 1) values of x, we can represent the function flx) by a polyno- &
mial in x of degree nn. §§
Now we select the polynomial fx) as follows: &...§
y=fx) =aylx—x,) w—x) (x—xg) ... (x —x) ::i

+ 0, —xp) (x> 25) (x —x) .. (o —x,) :,':

+ o —xy) (£ —x;) (£ — %) ... (= x,) d

+a, (x-x) (x—2;) (x—x,) ... (x —x,) &

+a(x—x) (x—x) (x—x)) .. (x =%, ) (1) g‘,‘g

In the R.ILS. of eqn. (1), the term in which a; occurs has the factor (x — x;) lacking. &

Equation (1) is true for all values of x. ASubstitutinE x =Xg ¥ =¥ in (1), we get P
- Yo = ao(xd - xl) (xo - xz) . (xo - x") ':’
y ' &
. 0
= -y N : . @
= o (%9 — x7) (xp = %2) . (xg — %5) : S
Similarly putting x =x;,y =y, We ‘have §,§§
2 ' &

b

(xy — xp) (g =x3) 0. (2 — x,) -
<

&

a, =

™
<

o
&

™
<
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(x—xp)(x—xp) {(x —x9) ... (x - x,)
2)

(xp —xg) (2 — %) (2] ~ 23} ... (%7 — %,

_ - x-x) (- xp) (- x5) 0 (x — xp)
+

* ...

+

+
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(- xq) (2 — 25) (x — )

Lecture No. (10)

X1 — Xp

alle

<

alle
<

y=fx),
y

alle
L
alle

<

allo
<

1 fi (x0) + X700 g (xy) is called first order Lagrange intetpolation polynomial.

(x— x) (% — xp)
(g — xq) (xg — xp)

X — X3.
Note 2. The second order version (n

X
)=
called second order Lagrange interpolation polynon |
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£,

fo‘_

findyatx=1. " . ‘
Solution; Here the givén data coritains four pairs of values.

By Lagrange’s formula,

e

Equation (2) is called Lagrange’s interpolation formula for unequal intervals.

.

“and henc

allo
L
allo
L
allo
<

Example 1. Use Lagrange’s interpolation formula to fit a polynomial to the data:

Note 1. The lihear y.ersion =1

Substituting the values of ag, a;, ... 2, in (1), we get
X.
y:
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(3)
1
N

x+Dx-0)(x-2)
(on simplification)

alo
L)

B+D3-0@-2)

(64.0)
(44.0)
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Numerical Analysis 1
Y
Y3

The third stage
(x ~ x0) (x = 25) (x - x5)
(x5 - x) (l‘3 -xy) (1'-3 ~ )

(g —2g) (g ~ 29) (24 - ¢
(- xg) (x—x) (x — 25)

x+D(x-2)(x-3)
0+10-2)(0-3)

1)+
2.

alo
<

+
(68.7)

_-é (+ Dalx—3)+(c+ 1) x(x - 2)
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L

1+1)(1-2)(1-3)

-2
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x+1)(x-2)(x-3)

2
3
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3 (~8)+
1

2
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2
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Example 2. Use Lagrange’s interpolation formula to find the value of f(x) corresponding

27 from the following data:
E 14

—t

3

(x = xq) (X~ 2,) (x ~ x3)
4

(xz “Id)(ﬂfz ““11) (x2 —x3}

DD+ A+ DD -2

(17-14) (17~ 3D (17 - 35)
(x - 14) (x - 17) (x — 35)
(31-14) (31- 17) (31~ 35)

" (x=14) (x - 31) (x - 35)

(x - 14) (x ~ 17) (x - 31)
*(35-14)(35 ~1735-30) (38.1)

E+D(x-0)(x-3)
A2+ (2-0)(2-3)
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Lecture No. (10)
(x-0)(x~2)(x-3)

-1-0)(~1-2)(-1~
: Yy
X9 = Xg) (% — %) (xg — x3)

Ax-xy) (=29} (x - x4)
Here x, = 14,4, =17, &, = 81,1, = 35

(g = 21) (xg ~ %) (%o — 24

8
12 DQ-2)(1-3)+

{x=17) (x - 81) (x — 35)
(14-17)(14-3D) ‘(14 - 35)

203 —6x2+3x+ 3

+
8
= @ E-2-3)+

o (w—g) (2 - xp) (2 - x5)
4

+
44.0 and y, = 39.1

0,2,=2,%,=3

y0=—8,y1= 3,y2= ]_,_-y3= 12,
yx) =
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L yE

yx=1)
y=)

68.7,y,=64.0, 9,
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Here x=-~1, x,
Solution. By "Lagrange’s 'i_n"terpolatiou formula,
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2.8202.

656 give that

(x - 14) (x — 31) (x -~ 35)
2.8189 and logi0 661

(x-14)(x—-17) (x - 31)

49.3.

Numerical Analysis 1
64
756

The third stage

39.1
1512

(27 - 17) (27 — 31) (27 — 35)
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alle
L
alle
L

(27 - 14) (27 - 31) (27 - 35)
(27 - 14) (27 — 17) (27 - 35)
27-14)(27-17)(27-31

+ -6-—4-.
756
4“4
952
39.1

659 ,x3=661 and yo=2.8156 y1=208182

1512 .
—20.52 + 35.22 + 48.07-13.45

eir

+
method to find logio

= 17) (x— 31) (2 — 35) +
2.8156, logio 659

[

= (x—14) (x — 17) (x — 35) +

(68.7)
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1071

alle

<

2.8202 in the Lagrange’s interpolation formula.

 (68.7)
o 1074

44
~ 952
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y=———=

Y =27)=--
Use Lagrange’s

logio 656
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Solution: Putting xo=654 ,Xx1=658 ,x»
y»=2.8189 ,y3

University Of Diyala
College Of Science
Department Of Mathematics

Example3

o Mo do Jo Mo Jo Mo do do do Ho do Ho do So do do do do do do do do do do do do do do do Mo do fo do Jo do Jo do do do Mo o Mo Ho Mo do So Jo Mo
B S DS DDDDDDD DD DDDDDDDDDDDDDDDOGDDDDDDDGDDODODY




ale

alle
<@

alo
L
ale
<o

alo
L
alle
<@

allo
L
allo
<@

alo
L)
alle
L)

alo
L)
alo
<
alo
L)

alo
<
alo

<

alo
L)

alo
<

v

alo
<

alle

<

alle

<

alle

<

alle

<

alle

<

alle

<

alle

<

allo

<

alle

<

allo

<

allo

<

allo

<

allo

<

e

<

o

<

alle
<o

o

U Y
o

Lecturer: Wadhah Abdulelah Hussein

University Of Diyala

College Of Science

ale

alo
<

Numerical Analysis 1

The third stage

Lecture No. (10)
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x 2.8182

x 2.8189

x 2.8202

x (2.8202)
(% — 2% ~ 2x)

PRSP

~ ¥4
x (2.8182)

B+DE-0)3-2)
1
*%

(MA@

@) (-2)(-3)
(x+D(x-0)(x-2)

(x —xg) (x — x3) (:tf- —x3)
x (2.8156)

(0+1)(0-2)0-3)

E+DGx-2(x-3)

@) (~3) (-5
@ D3
) +

7x3 — 31x% + 28« + 18.

x2.8189 +

B 2) . .
0.6033 + 7.0455 —5.6378 + 0.8058 = 2.8168.

Example 4, Find the equation of the cubic curve that passes through the points (- 1, - 8),

(0, 3), (2, I) and (3, 2) using Lagrange’s interpolation formula.

(x = x0) (% — xp) (x ~ x4)
3) (-‘S)f-

(x —x(]) (x - xl) (x -‘xz)
(656 — 654) (656 — 659) (656 — 661)

(658 — 654) (658 — 654) (658 — 661)
(656 — 654) (656 — 658) (656 — 661)
(658 — 654) (658 — 654) (658 — 661)
(656 ~ 654) (656 — 658) (656 — 659)

¥ (661 - 654) (661 — 658) (661~ 659)

+
+

x (2.8156) +
3

.14

(2)(-2)(-5)

+
+D(x-0)(x-3)
@+DE-02-3)

31:52+———3c+3
6

(656 — 658) (656 — 659) (656 — 661)
6

(654 - 658) (654 — 659) (654 - 661)

(x—xl)(x—xz)(x~x3)
(g = 21) {xg — 23) (xp — 25) Yo7
+

(x -0} (x—2){x -3}

~1-0(-1-2)(-1-
+

x-—-

(=2) (=3)(-5)
DE5ED

7 3

=%

The equation of the required cubic <_:u‘rvé is 6y ‘ +18.
Example 6, Use Lagrange’s interpolating polynomial of the first and second order to the

-1,%,=0,x,=2,2,=3 , :
— 8,5, =3,¥, = 1,53 = 2 in the Lagrange’s interpolation formula (1) given in example

(4), we have

y

Y
4

log,,656 =
Solution. Putting x, =
1.
=2,

And find f(x) at x

flx):

Department Of Mathematics
We have
and y,
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[Ans, 83515

allo
L
allo
<@

alo
L)

alle
L)

[Ans. 3.625)
 [Ans. 1052

[Ans. 14.66]
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x+4)
30
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Numerical Analysis 1

The third stage

6) (1.3863)
5698 -
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(x — x9) (x — x9)
(2 — x9) (21 — x5)
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94.4
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04621
flx) +
(x—1)(x—6)
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'EXERCISES

0--(0.2811) (2~ Tx + 6) + (0.1792) (+*
9

—0.0519x2 +0.7217x - 0.6698
=(-0.0519 x 4) +(0.7217 x 2) ~

a-91-6 O+ @ na-

(0.4621)(2-1)
C(x—-x) (x=x,)
(g = 21) (xg - 2,)
(x-4)(x-6)

f1(2)
The second order Lagrange polynomial is
folx)
folx)
fo(x)
fo(2)
g
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f(®) = (0.4621) [x - 1]

75
52.0
Using Lagrange’s formula, estimate the percentage of Criminals under the age 35. [Ans, 77

6. Giveny, =22,¥,=30,y,=82,y, =106, y; = 206 fi;}dys.

6 .

5
3
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Solution. Here x, = 1, x, = 4,x, = 6 and y, = 0,7, = 1.3863, 5, = 1.7918

The first order Lagrange polynomial is
Using Lagrange’s formula find y at % = 6 from the following data:

Using Lagrange’s formula find ﬂlO)"'ﬁ:om the following table:

Using Lagfange’s formula find f(6) given:
Ifyl = 4, ys = 120,_74 = 340’ J"G = 2544 find y5'

sge (less than x)
% of Criminals :

Department Of Mathematics
x:

University Of Diyala

College Of Science

x
5. The following data give the percentage of Criminals for the different age groups:

7
4. Using Lagrange’s formula find y at x = 9.5 given:

1
2.
3
7.
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@ Interpolation with Equal Intervals @

35

2. GREGORY-NEWTON FORWARD ]NTERPOLA’I 1ON FORMULA OR NEWTON’S
FORWARD lNTERPOLATION FORMULA FOR EQUAL INTERVALS

@ Letyaﬁx}b&ﬂ«ﬁmc@on—wlneh—t&kes the-values ygr Yy Yoo ¥ corresponding to-the ‘%

values x, x,, X,, ... x, of the mdependent variable x.
Let the values of x be at equidistant intervals.
X -%; '=‘_h,_ i,?-f_l, 2,..n.
Then. X, =x5+h
Xy=x,+h=xy+2h

&
®
<

xs-x2+lz.—x0+3hetc didyall o.'l.b‘_é-hﬂ?)lb)u Ol Blaidl
X;=xy+ih,i=1,2,.
LEty(x) be a polynomial of the nth degree in x talung the same values as y, correspond-
ing to the x values Xy Xys Xy oen X,y
Le., yx)=y;fori=1,2,..n
Now we want to find a collocation polynomial P (x) of degree n in x such that
yx)=P,(x),i=0,1,2,..n

@@@@@@%@@@@@

e
50
e
50
e
50
e
50
e
50
e
50

Let y(x) = P (x) = ay + a,(x — x) + ay(x —x) (x —x,)
+aglx —xg) (x —x,) (x—x,) + .
o tax—xy) (x—x)) ... (x—x, l) -..(1)
This polynomial contains the (n + 1) constants ag @y, ... @, which can be determined as
follows: .
Putting x = x,, x,, %o, ..., X, SUccessively in (1), we get
yixg)=e, = y,=a, .(2)
¥(x)) = ay + a,(x; —x,) §
i . Y1=@g+ah )
¥(x,) = ag + a(x, — xp) + a,(x, — xp) (xp —xy)
= Vo= ag+a,(x, —x; +2x; —xg) + @y(x, — %y +2x;— %) (X, —x4)
= ¥o = ay + 2ha, + 2h%a, ...(4)
and so on. .
From these, the values of a,, a,, @,, ... can be found in terms of y, and its forward differ-
ences. :
Using (2) in (3), we have
Y1=Yo+a,h
¥1—Yo _ Ay
= ay ==
. . Ayo 2
Equation (4) gives Yo =¥ + 2h x - * 2h%a,
= Y5 — Yo — 28y, = 2h%ay’
_ Ya—Y1*Y1—Y—28y, _ Avi—Ay,  Aly,
=~ @2= 2R T 2n* T 217
Similarly ag= 3A‘ 'Z% and soon.

Putting these values in (1), we can have
. ' L Ay A2y, |
y(x) -.—-.,Pn(ag) =¥y + T". @ =2g) + Syp7 (x—xg) (x—x;)

Ay, - Ay,
+ 3lh%_ (x—xp) (x —x)) (x —xp) +... + n!h?' E—x)(x—x,)...(x—x )
..(8)

In equation (5), let us putx —x, = uh.
Then, (x —x,) = (x —x) — (x, —%,) =uh — B
=(u-1h

%@%ﬁ%@%@%ﬁ%ﬁ%ﬁ%ﬁ%@%ﬁ%ﬁ%@




BHLLLLLBLLDDIFITITTTILNDY

University Of Diyala Lecturer: Wadhah Abdulelah Hussein
College Of Science Lecture No. (11) Numerical Analysis 1
Department Of Mathematics The third stage

& —xp) = (x —x,) - (2, - x,)
={u-Dh-h=w-2)h
In general, (x—-x,)=@W-n)k.
Hence equation (5) becomes, .

Ay A2y
yx) =P, (x) =y, +'——h° cuht o h‘; .uh. (u—1h
Ay,
| +3.!-h‘; cuh. @-Dh.(@=2h+...
ie., Yy + uh) =P, (x, + uh) :
u uu-1) - u(w -1 (u-2)
=Yoo+ 1 Mo+ T g1 Ay, + 31 Ayo+... .(6)
. X - xo
where u =

Equation (6) is known as Gregory-Newton forward difference formula.

Aliter. The above Newton’s forward difference formula can be derives by symbolic op-
erator miethods.

Let ¥x) =P (x)

Putting x = x; + uk. .

Ther ¥@) =P, (x, + uh) = E* P (x,)
— By, (o P(xg) =3(xo)=y,)
=(1+AFy, (vE=1+4)

r uY uj,2 _ fu),3
= [1+(1)A +(2)A +(3)A + ] Yo
Jads> oeild)l 1 u u(u ~1)
- ulu-D -2
- Yo + 'ﬁAyo"}' 1 Aeyo +—_§'!(—) A3y0+ voe

Remark. The first two terms of the R.H.S. equation (6) give the result for linear interpolation
polynomial. The first three terms give a parabolic interpolation and so on.
Note 1,-Ify(x) is a polynomial of nth degree, then A™*ly, and other higher differences w:]l be zero.
Note 2. Since Newton's forward interpolation formula utilises ¥, and the forward differences of
’ ¥ it is used mainly for interpolating the values of y near the beginning of a set of
tabular values.

Note 3. This formula is applicable only if the interval of differencing b is constant.

3. GREGORY-NEWTON BACKWARD INTERPOLATION FORMULA FOR EQUAL,
INTERVALS ST

_Suppose we want to inter polate the values-of y- nearer to-the end-of & set of tabular

" values. In this case, Newton's _forward interpolation formula can not be used. For
we get another backward interpolation formula.
Let y = flz) be a function which takes the values yg, ¥,, ¥,, ... , correspondis
values xp, %y, Xg: - % of the independent variable x. Let the values of x be at éq:;igd;:tg; i
intervals. e

this Purpose,

2
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Alsox;=x;+ihfori=1,2,..n.
) Let y(x) be a pelynomial of the nth degree in x taking the same values asy, correspond-
g to the x values Ko Xy, Xgy e X,
Le, yix) =y, fori=1,2,..n.

Now we want to find a collocation polynomial P, (x) of degree n in x such that

y(x) =P (x),i=0,1,2,..n.

Let y@) =P (x) =g +ax~x) +ax-x) (x-x )
' tayx-x)(x-x, ) (x-x, )+ ...
_ +a,(x-x)x—-x,4) ... x-x)  .(1)
This polynomial contains the (n + 1) constants ay, a,, a,, ... @, which can be determined
as follows:
Puttingx=x,x_,, ... x, successively in (1), we get
y(xn) = ao = yn 3 a0 (2)
Y&, ) =ag+0yx, - %,)
= V1 =¥n— 041 ' (- by(2)andx, -x,_;=h)
= alh =Yn~Yna
Vy, .
= = 1A (- yn—yu—1=vyn)
¥, 9) =@ +ay(x, 5 —x,) + a5, 5~ %,) (¢, o =%, )
= Vpo=g+a (X, o =%, 1 +%,3-%,)
+8y (g =Xy + %y~ %) (g =%, )
\%
- Y2 =Ya+ 2 (- 2h) + ay- 2h) (- h)
= 2h%a,=y, .-y, +2Vy,

=Vn-2 " Yn-1tYn1—Vn t 2Vyn
=-Vy,_,~-Vy,+2Vy,
= Vyn - Vy -1 szn
2lh
3
Similarly a4 = gl—%} and 80 on.

Substituting these valugs'in (1), we get

BHLLLLLBLLDDIFITITTTILNDY

. - Vy" Vsz.‘yn
yx) =y, +(x-x,). Tt (x-x)(x~x, ) oTh
V3
+(x-x) (x -x, ) (x ~x:,,_2) 31 i’; +.. .03
Putx-x,=vh = v= -;lx;, in equation (3). '
3
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Then X=X _=X-% +X -X

=vh+h=@W+1h

X=X g= X=Xy 1t X, 1= Xy

=+ h+h=(v+2)h
x-x,=x-x,_ =@+nh
Equation (3) becomes,
Viy
x, +vh ~Jn
¥( )=y, l'h ). (v+1)h.2!h2
. Va
+(h). 0+ DA . (v + k. ”yz;+
. +1
Le., yx, +vh) =y, LTI Vy + v(vzl ) 2y + HotDw+2) ;),(H 2 Viy +
where v = ad _hx"
Equation (4) is known as Gregory-Newton backward difference formula.
Aliter. The above formula can be derived by symbolic operator methods.
Let ' yx) =P, (x) '
Puttingx =x_ +vh :
Then y(x) =P (x, +vh)
= =E'P (x)
=(E-)?y, where P (x )=y,
=(1-V)y'y,
nP v +1) v(v+1)(v+2)
..[1+vV+ 5] vis 3l +'"]3’n
. _ vv+1) s v+ v+2) 4
Le. yx) =y, + I'V Y Vi + Y Viy, +
where p = 2= % A3 Al yal) Ol 1 BELTN

Note. This formulais used to iterpolate the values of y nearer to the end of a set tabular values
and also for extrapolating values of ¥ a short distance ahead of Y

WORKED EXAMPLES
. Eianiple 1. The following data give I, the indicated H.P. and v, the speed in knots
developed by a ship.
g 8 10 12 14 16
I 1000 1900 3250 5400 8950

Find I when v = 9, using Newton’s interpolation formula.

Solution. We note thatv = 9is near the beginning of the table. Hence to get the correspon-
ding I, we use Newton's forward interpolation formula. So we prepare the forward difference table

DDV LLLY
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dall Ak o
X o dad g1 (a X=V=0 dad 15U 1
Jad T b asad Jyaall B 8
Cuny Y ad MU Jgaad 8 X=8 Lan 2
Y2 -Y1=1900 - 100=900 + 10
Y3 - Y2=3250 -1900=1350
(A O () g Jganll Baas) Ak 1iSa g 12
kséo.\abu
OS5 ks gy wc)auu3 14
uym\duhuywc)mbab 4
X o dad A1 cpa fa 2 4l Wl , 440 "
.0

TofindI(v=9)

Temperature °C :
Pressure kgf/cm%

pressure,
difference table.

x

150
160
170

180

Here h=10and u

BHLLLLLBLLDDIFITITTTILNDY
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Hereh 2andy =——=—
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The third stage
y=I &y Ay oY sy
1000
~
900 ~
1900 450 ~
1350 350 ~
3250 800 250
2150 600
5400 1400
3550
- 8950
9-8 1
2 2
wu-1 o ule-D@=2)
y(x):yo l,Ay0+ ar. Ayo 31 }

I,.q=1000 +

Lecturer: Wadhah Abdulelah Hussein

Newton’s forward interpolation formula is

(_1%)(900);6_)@(450) @L?)_‘__z_
o e,

= 1000 + 450 - 56.25 + 21.88 - 9.77 = 1405.86
Example 2. The following are data from the Stean Table:

2!

140 150 160 170
3.685 4854 6302 8076  10.225

y
3. 685\>

4.854
6.302
8.076

10.225
142 - 140
10

Ay, Azy . Aay
1169,
T>0.279

1.448 0,047
0.326

1.774 0.049
0.375

2.149

2

10

=L

K6

180

Using Newton’s formula, find the pressure of the steam for a temperature of 142°.

Solution. Here 142° is near the beginning of the table. Hence to get the correspondingge
we should use Newton’s forward mterpolatwn formula. So we prepare the forwar

A‘y

0.002
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. . .
By using Newton’s forward interpolation formula,

(2)(2-1)

¥(142) = 3.685 + (.2) x 1.169 + *———_—-2 x (0.279)
2(2~1(2- ‘ 2)(2-1(2-2)(2-
+ (2)(2 31')(2 2) x (0.047) + (2)(.2 D(42' 2)(2-3) % (0.002)
= 3.685 + 0.2338 - 0.0223 + 0.0022 - 0.0001
= 3.8986.
Example 3. From the following table, find tan 45°15".
x°* 445 46 47 48 - 49 50

tanx® 100000 103553 1.07937 111061 115037 119175

Solution. Here x = 45° 15’ is near the beginning of the table. We prepare the forward
difference table.

x y=tan x° Ay A2y Asy A4y A5y
45 1.00000
| 3003553
46 1.03553 - 3000131
, 00368  30.00009
47 107287 . 0.00140 ™3 0.00003 |
S 0.08824 . 0.00012 ™3 0,00005
48 1.11061 . 0.00152 : -0.00002
0.03976 ©0.00010
49 1.15037 0.00162
0.04138
50 119175
015" — 45°
Hereh=1°and u = :1'?%;—— =0.25
By N wton s fom ard mterpelahon formula
' 0.25 0.2
y(45°15') 100000+( )(003553) ——-—( 5) (20,25 1)(000131)
| 025 095 -
( )( 3'1)(025 2) (000009)
2 25
(0 5)(0 1)(£'25 2)?025 3) . 00003)
02
, (025)(025 1)(0255'2)(025 -3)(025-4) _ 000005

. =1 00000 +0.00888 - 0.00012 +0.00001 +0.00000 ...= 1.00875.
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Example 4.. Using Newton's forward interpolation formula, find the polynomial f (x)

satisfying the following data :

Le.,

Le.,

Le.,

Le.,

Hence find f(2).
£ 0 510 I
flx) : 14 379 1444 3584

Solution. Herex,=0;h=5 and u= x_;q = %
We prepare the forward difference table ;
x ) | M NG 8t
0 14 _
365
H) 379 700
1065 375
10 1444 1075
2140
15 - 3584

Using Newton's forward iriterpolatlon formula, -

' ‘ -2

y(0) = JO+UA}'O (2 ]) A2y ( ;(u ) y0+~-- |

' AE 1 )z Yr

flx)= 14-!-5 (365) [ 5)(5- 1] 7QO'+E(E] (g- lIg— 2) (375)

5x

f0)=14+ 731+ 4 1‘4 +.-_ ) -5) G- 10

-b5x

f(x)=14+73x+ 4= (x3 1622 +50x)

/(x>=%———1 A= a1
B 8 104 1367

e 9) + 14 = 183.6.
f2)= PRET (,) 14()

D madaddndad
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Here h = 10 du=841—09°-_06

@

', a4~304+( 06)(28) (-06)(;064-])

=304 - 168 024 = 286.96. .

Example 6. The hourly declination of the moon on a day is given below. Find the decli-
nation at 3% 35™ 15* and 5,

Hour: 0 1 2 3 4
Decli:  8°29'53.7 8°18'19.4" 8°6'43.5” 7°55%6.1" 7°43'27.2"
Solution. We prepare the difference table.

Hour(x)  Decli)  Vy vy vy vy
WL o g 2 4l jhll padiaad Jigadl 11 A
Sl X3 pa e 0 - 8°29B3TT -
Xl )&JIQJSAJJN\Q!X?a -11'34.3"
el AY L i q 01Qr10Q AN "
oy Mﬁm i 1 8°18'19.4 -16
Al -11'35.9" 0.1"
1349 058 = x2:x125.3 2 8°6'19.4" 15 01
Hajeosiey i ot 118747 700"
3 T°55'6. 1" : /7-'1.5"
. )-,-11'38 9"
4 7°43'21.2"
Here 3" 35™ 15° and 5" are near the end of the table value. So we use Newton's Back-
ward mterpolatlon formula.

3h35m 15s-4h -0k 24m 45s
Letx = 3" 35 15°, Thenv = —

=
=

-1k 1h
14855

=~ 36005 = 4 0.4125.
By Newton’s backward interpolation formula,
y(3h 35m 155) = T°43'27.2" + (- 0.4125) (- 11’38 9

, C04129)05675) ..

2
=T°43'27.2" + 448, 29"+0 18” ‘
. =T748'16",
Let x=5h.'l‘henv=i'—ii-l g
- TR (1)( )
Hence y(x =5) = 7°43'27.2"+ (1) (- 11'38.9") + —— (- 157+ ..
' ' =7°31'46.8".
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EXERCISES
Estimate y when x = 47 and x = 63 from the following data:
X 45 50 65 ' 60 65 .
y:  114.84 96.16  83.32 74.48  68.48 R [Ans. 106.5, 68.4]
Estimate the values of y at x = 21 and x = 28 from the following data: : !
x: 20 23 26 29 ‘ 4
y:  0.3420 0.3907 0.4384  0.4848 . [Ans. 0.3583, 0.4695]

BHDLLLLLLLDBITITITLINDY

. -Estimate y when x = 42 from the following data:

X 20 2530 ~ 35 40 45

e 354 352 291 260 231 204 (Ans. 218.7]
Find the value of f(1.02) from the following data:

X 10 1.1 1.2 13 14, .

fe):  1.841 1891  0.932 0964  0.985 [Ans. 1.851]

Find (1.02) from the following data:

# 100 105 110 - 115 120 ,

y: 08413 03531 03643 0.3749  0.3849 - [Ans. 0.3461]
From the following table find tan 0.12 and tan 0.26.

x 2 010 015 020 025 - 030

tonx: 01003 01511  0.2027. 0.2553  0.3093 [Ans. 0.1205, 0.2662]
Find y atx=3and x=4
L 2 6 10 14 .
Cy: 402 424 510 24 [Ans. 40.5, 40.9]
Given the following data, express 6 as function of ¢ -
B0 1 2 3 4
8 .3 6 11 18 21 . [Ans.0=12+2t+3]
" Find y(lé) :
T 10 15 . .20 25 30 35
C oy 353 . 324 292 2.1 232 205 [Ans. 34.22)
9
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